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ABSTRACT

ARTICLE HISTORY

In this work, a shallow-water system for interfacial waves in the case of
a neutrally buoyant two-layer fluid system is considered. Such a situation
arises in the case of large underwater lakes of compressible liquids such as
CO2 in the deep ocean which may happen naturally or may be man-made.
Depending on temperature and depth, such deposits may be either stable,
unstable or neutrally stable, and in the current contribution, the neutrally
stable case is considered. The motion of the long waves at the interface can
be described by a shallow-water system which becomes triangular in the
neutrally stable case. In this case, the system ceases to be strictly hyperbolic,
and the standard theory of hyperbolic conservation laws may not be used
to solve the initial value or even the Riemann problem. It is shown that the
Riemann problem can still be solved uniquely using singular shocks containing Dirac delta distributions traveling with the shock. We characterize
the solutions in integrated form, so that no measure-theoretic extension of
the solution concept is needed. Uniqueness follows immediately from the
construction of the solution. We characterize solutions in terms of the complex vanishing viscosity method, and show that the two solution concepts
coincide.
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1. Introduction
In this paper, we study a triangular system of conservation laws of the form
ut + uux = 0,

(1)

ηt + h1 ux + (ηu)x = 0.

(2)

This system is derived as a model for internal waves at the interface of a two-fluid system where a finite
uniform layer fluid of density ρ1 and approximate depth h1 is located below the upper layer of density
ρ2 and very large depth as shown in Figure 1. The interest in this system is physically motivated by
considering large pools of heavy liquid located at the bottom of a deep ocean. Such pools of heavy
liquids may occur naturally [1], and have also been put forward as a possible long-term storage site
for CO2 captured from fossil fuel combustors.
As global warming and climate change are now understood to be in part due to larger and larger
concentrations of CO2 in the atmosphere, stabilizing the level of CO2 in the atmosphere has been
the focus of a large body of research. One potential method of reducing the rise of atmospheric CO2
levels is to capture it in fossil-burning processes and sequester it elsewhere. Potential storage sites
include depleted petroleum and natural gas reservoirs, saline aquifers, unminable coal beds and the
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Figure 1. Long waves at the interface in a two-layer system of fluids.

world’s oceans. While the oceans are the largest potential reservoir for dissolved CO2 , it appears to
be preferable from ecological and climate considerations to store CO2 in undissolved form.
It is well established (see [2,3]) that at predominant oceanic temperatures, CO2 condenses to the
liquid phase at depths of about 400 m. Due to the relatively higher compressibility of liquid CO2 than
seawater, liquid CO2 is denser than seawater at about 3000 m depth. Storage of liquid CO2 in the
deep ocean is thus at least theoretically possible at depths exceeding 3000 m. However, it is also well
known that the interface of CO2 and seawater is characterized by the rapid nucleation of H2 O and
CO2 into an icelike compound. This hydrate layer acts as a membrane which may prevent the CO2
from escaping even at depths smaller than 3000 m (see [1]). The hydrate layer is sometimes modeled
physically by introducing interfacial tension (cf. [4,5]). However, as experiments show, this approach
may not be optimal since the hydrate layer is highly non-uniform and behaves more like a brittle
solid, breaking up if a certain threshold stress is exceeded due to wave motion at the interface.
The changes in the CO2 density imply that at a certain depth it will coincide with the density of
the ambient seawater. Moreover, unexpected large changes in the temperature of the ambient seawater may render a previously stable configuration unstable by making the CO2 buoyant or neutrally
buoyant. In the present work, we focus on the borderline case of vanishing buoyancy which leads
to a two-fluid system with fluids of equal density. For a large underwater pool of CO2 , long waves
will be the dominant wave phenomenon, and the effects of the hydrate layer and interfacial tension
will be mostly felt on a smaller scale than that of a long wave, so we restrict our considerations to a
shallow-water-like system of equations of the form
ηt + h1 ux + (ηu)x = 0,
2
ut + g ρ1ρ−ρ
ηx + uux = 0.
1

Such a system can be obtained by following the analysis of Craig et al. [6], Section 5.4, or the derivation
of a long-wave system used in [7]. In the neutrally buoyant case, the densities ρ2 and ρ1 will be equal,
and the system reduces to (1), (2).
As is well known, the classical theory of hyperbolic laws in one space dimension usually requires
that the system be strictly hyperbolic with either genuinely nonlinear or linearly degenerate characteristic fields. In this case, the existence of entropy weak solutions can be obtained when the initial data
have small total variation [8–12]. Such weak solutions are usually discontinuous and consist of elementary Lax-admissible waves. However, many nonlinear hyperbolic systems used by physicists and
engineers to model physical phenomena do not satisfy the above hypotheses entirely. For instance,
modeling a two-phase flow of a mixture of steam and water in a cooling process of conventional
nuclear reactors by water under pressure is described by a system of equations which do not satisfy
the basic assumptions of the theory of nonlinear hyperbolic systems [13]. In contrast to strictly hyperbolic conservation laws, nonstrictly hyperbolic systems have no definitive theory which governs the
existence of weak solutions and the interest in studying such systems is partially motivated by their
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significant applications in gas dynamics, magnetohydrodynamics, high pressure cavitating liquid jets
and oil reservoir simulation [14–16].
An interesting feature of (1), (2) is that the characteristic speeds coincide in phase space. Consequently, the classical theory of strictly hyperbolic conservation laws does not apply. Nevertheless,
in this work, we show that it is possible to construct a unique solution to the Riemann initial-value
problem associated with (1), (2). We also show that the solution contains a singular δ-shock whose
strength is an exact measure of the corresponding Rankine–Hugoniot deficit. In particular, the exact
construction of the solution coincides with the solution provided by the weak asymptotic method
[17,18] which in a sense validates the weak asymptotic method. An extension of the weak asymptotic
method to complex-valued approximation has been shown to be essential for the correct physical
interpretation of delta-shock waves [19].
In the context of δ-shock solutions, our results are similar in spirit to the work of Hayes and LeFloch
[20]. In their paper, they established a Riemann solution to the system
ut + (u2 /2)x = 0,


vt + (u − 1)v x = 0,
by introducing an integrated variable V(x, t) defined by
 x
v(τ , t)dτ =⇒
V(x, t) =
−C

∂V
= v,
∂x

where C > 0 is an arbitrary constant. This variable transforms the system into an equivalent homogeneous system but the initial data for V are now piecewise linear and continuous. Our case requires
rigorous computations and care to arrive at the desired result due to the structure of our system. In
fact, our construction is more difficult because of an inhomogeneous term appearing in the integrated
equation.
Similar systems of equations have also been studied in [21–24], where various regularizations were
explored. In particular, in [23] parabolic regularizations were used, and uniqueness was obtained,
while the weak asymptotic method was used in [21]. The general initial-value problem was considered
in [25,26]. As mentioned above, the system considered here differs from the equations in all the above
works since the integrated equations are inhomogeneous. Recently, there has also been some interest
in interactions of delta-shock waves, for example in [24, 27–29], and in some cases uniqueness can
also be proved [30,31].
The plan of the paper is as follows: In Section 2, we solve the Riemann problem for (3), (4) and
show that a unique solution can be constructed in all cases. The construction corresponds exactly to
the weak asymptotic approach in a formalized way. In Section 3, we present a δ-shock solution as a
combination of a Dirac-δ distribution and a shock wave and verify the solution in the context of the
weak asymptotic method and in the weak variational formulation. Finally, in Section 4, we explain
how a regularized system can be solved exactly in terms of a traveling-wave profile.

2. The Riemann problem
This section focuses on the nonlinear properties of the system of equations
ut + (u2 /2)x = 0,

(3)



ηt + (η + 1)u x = 0,

(4)

which is obtained from (1), (2) by an appropriate rescaling. Specifically, we study the shock curves of
these equations and their properties by noting first that the system (3), (4) is of the general form
Ut + F(U)x = 0,

4
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  2
g(u, η)
u /2
.
and F(U) =
=
h(u, η)
(η + 1)u

 
u
U=
η



The flux Jacobian of F(U) is given by



∂F
u
0
J=
=
,
η+1 u
∂U

(5)

which has the repeated eigenvalue
λ1,2 = u,
with the corresponding right eigenvector
 
0
r1 =
.
1
For an arbitrary constant left state (uL , ηL ) and a right state (uR , ηR ), the Rankine–Hugoniot conditions for (3), (4) are respectively
− c[u] + [u2 /2] = 0,

(6)

− c[η] + [(η + 1)u] = 0,

(7)

where [u] = uR − uL and [η] = ηR − ηL . The shock speed in (6) is well known and has the form
c = (uL + uR )/2 ≡ ū,

(8)

and satisfies the Lax entropy condition
λi (uR ) ≤ c ≤ λi (uL ),

i = 1, 2.

For [u] = 0, a piecewise continuous function u(x, t) with a single discontinuity traveling with speed
ū and having uL and uR on opposite side of the discontinuity is a weak solution of (3). Thus, we obtain
the following lemma:
Lemma 2.1: The function u(x, t) defined by


uL if x < ūt,
u(x, t) =
uR if x > ūt,

(9)

where ū is given in (8) represents weak solution of (3) if

 ∞
 ∞ ∞ 
u2
φt u + φx
φ(x, 0)u(x, 0)dx = 0
dxdt +
2
0
−∞
−∞
holds for all functions φ ∈ C01 (R × R+ ).
Remark 2.1: Lemma 2.1 represents the case where uL > uR and is illustrated in Figure 2. Similarly,
if uL < uR then the solution of (3) is given by a rarefaction wave
⎧
⎪
⎨uL if x ≤ uL t,
u(x, t) = x/t if uL t < x < uR t,
(10)
⎪
⎩
uR if x ≥ uR t,
which is illustrated in Figure 3.
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Figure 2. Left panel: shock solution of Burgers equation. Right panel: corresponding characteristics.

Figure 3. Left panel: rarefaction solution of Burgers equation. Right panel: corresponding characteristics.

Note also that weak solutions of (3),(4) satisfy (7), so that with the help of (8) we can obtain the
condition
ηR = −(ηL + 2).

(11)

However, this last relation does not hold for singular solutions. For constant states uL , uR , ηL and ηR ,
let the initial data for (3), (4) be given by


uL if ξ < 0,
u(ξ , 0) =
uR if ξ > 0,


η(ξ , 0) =

ηL if ξ < 0,
ηR if ξ > 0,

(12)

respectively. The main objective is to solve the Riemann problem for (3), (4) subject to the initial
data (12).
Theorem 2.2: Let the constant states uL , uR , ηL and ηR be given such the (12) represents Riemann initial
data for the system (3), (4).
(a) If uL > uR , then u has a single shock given in (9), whereas η has a single jump

ηL if x < ūt,
η(x, t) =
ηR if x > ūt,
together with a propagating Dirac mass whose strength is given by


[w] = (t/2) (uL − uR )(ηL + ηR + 2) .

(13)
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(b) If uL < uR , then the weak solution of u is a rarefaction given by (10) whereas η has two jump
discontinuities given by
⎧
⎪
⎨ηL if x < uL t,
η(x, t) = −1 if uL y ≤ x ≤ uR t,
(14)
⎪
⎩
ηR if uR t < x.
Proof: To prove this theorem we define a function w(x, t) by
 x
η(s, t)ds,
w(x, t) =
−κ

(15)

for an arbitrary positive constant κ. It is not hard to check that w(x, t) is related to η(x, t) by wx = η.
With this relation the system (3), (4) transforms into
ut + uux = 0,

(16)

wt + uwx = −u.

(17)

The first equation (16) in this system is the well-known Burgers’ equation which together with the
Riemann initial data in u given in (12) admits shock and rarefaction solutions which are specified
in (9) and (10). The second equation (17) is a nonhomogeneous transport equation in w and has the
Riemann initial data

ηL κ + ηL ξ if ξ ≤ 0,
w(ξ , 0) ≡ w0 (ξ ) =
(18)
ηL κ + ηR ξ if ξ ≥ 0.
It is obvious that this initial data is linear and piecewise continuous. However, the nonhomogeneous part, as well as the variable coefficient u(x, t) in (17), contains a discontinuity which may lead
to the development of discontinuities in w(x, t). The progressive evolution of w is along curves x(t)
which satisfy the characteristic equation
dx
= u(x, t), x(0) = ξ .
dt

(19)

However, w(x, t) is not constant along these curves but satisfies
d
w(x, t) = −u(x, t),
dt

(20)

and is found by solving the ODEs (19) and (20) [32]. In the first case where uL > uR the solution
of (16) is given by a shock wave (9) traveling at a speed given in (8). The technique we used is
to substitute this traveling shock wave into (17) and solve the resulting equation by the method of
characteristics. The characteristics in this case are

uL t + ξ if ξ < (ū − uL )t,
x(t) =
uR t + ξ if ξ > (ū − uR )t,
and they propagate into the shock. Consequently, the solution for w(x, t) is given by

ηL κ + ηL (x − uL t) − uL t if x ≤ ūt,
w(x, t) =
ηR κ + ηR (x − uR t) − uR t if x > ūt.
The solution η(x, t) in (a) is obtained by evoking the expression in (15). Since the initial assumption is that uL > uR , the characteristics emanating from ξ < 0 will propagate values of w(x, t) which
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Figure 4. Schematic representation of the characteristics for w (dashed) when uL < uR . The rarefaction fan in u (solid lines) is
bounded by x = uL t and x = uR t.

are different from those propagated by the characteristics originating from ξ > 0. Consequently, if
the jump in u(x, t) is large, then it will lead to a jump discontinuity in w(x, t) across the shock. The
characteristics together with the initial Riemann data (18) give


wL = ηL κ + ηl (ū − uL ) − uL t,


wR = ηL κ + ηR (ū − uR ) − uR t.
where wL and wR represent respectively the left and right limits of w(x, t) at the shock x = ūt. From
these expressions, we obtained the jump in w(x, t) whose strength is given by
[w] = wR − wL =



t
uL − uR ηL + ηR + 2 .
2

(21)

In the second case where uL < uR , the characteristics originating at ξ < 0 propagate at a speed of
the rarefaction tail whereas those emanating from ξ > 0 propagate parallel to the rarefaction head of
the wave. The characteristic equations in this case are given by
⎧
⎪
⎨uR t + ξ if ξ > 0,
x(t) = γ t
if ξ = 0,
⎪
⎩
uL t + ξ if ξ < 0,
where γ is an arbitrary constant only subject to the constraint uL < γ < uR . A graphical
representation of the characteristics is shown in Figure 4. By applying (18), the solution of (17) is
⎧
⎪
⎨ηL κ + ηL (x − uL t) − uL t if x < uL t,
w(x, t) = ηL κ − x
if uL t ≤ x ≤ uR t,
⎪
⎩
ηl κ + ηR (x − uR t) − uR t if uR t < x.
A partial derivative with respect to x gives the solution η(x, t) of (4) defined in (14).



3. Weak asymptotic solution
In this section, we present a delta-shock solution to the system (3), (4) in the context of weak asymptotics defined in [33–35]. What is interesting about this method is that it allows the approximate
solutions to be complex-valued thereby expanding the range of possible singular solutions as demonstrated in [17,18,36]. In [18] it was shown that the method can be used to construct solutions which
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accommodate combinations of Dirac-δ distributions and shock waves. The goal of this section is to
present a δ-shock wave solution in the framework of the weak asymptotics method.
In order to construct a δ-shock solution to (3), (4), we first review the notion of weak asymptotic and define a vanishing family of distributions. Let D denote the space of smooth functions with
compact support and D represent the space of distributions as defined in [37].
Definition 3.1: Let fε (x, t) ∈ D (R) denote a collection of distributions which depend on ε ∈ (0, 1).
If the estimate
fε (x, t), ϕ(x) = o(1)

as ε → 0

(22)

holds uniformly for any test function ϕ(x) ∈ D(R), then we have fε = oD (1).
Definition 3.1 is equivalent to saying that a collection of distributions approaches zero in the context defined above if the pairing fε (x, t), ϕ(x) converges to zero for a given smooth, compactly
supported function ϕ. For the collection of distributions fε (x, t), we say that fε = oD (1) ⊂ D (R)
if (22) holds uniformly in t ∈ R+ . Essentially, we require that
fε (·, t), ϕ(·) ≤ CT gε (·)

for t ∈ [0, T],

where CT is a constant which depends on T and gε (·) depends on the ϕ(x, t) and vanishes as ε → 0.
Definition 3.2: The family of smooth, complex-valued (real-valued) distributions (uε ) and (ηε ) is a
weak asymptotic solution to the system (3), (4) if u, η ∈ C(R+ ; D (R)) are real-valued distributions
such that
uε  u,

ηε  η

as ε → 0

holds for any fixed t ∈ (0, ∞) in the sense of distributions in D (R) and
∂uε
1 ∂u2ε
+
= oD (1),
∂t
2 ∂x


∂ (ηε + 1)uε
∂ηε
+
= oD (1).
∂t
∂x

(23)

(24)

In the case of complex-valued distributions, it is obvious in this definition that the imaginary part
of the solution vanishes in the limit as ε → 0. Moreover, it is required that convergence to the initial
data be satisfied so that
uε (ξ , 0) → u(ξ , 0)

and ηε (ξ , 0) → η(ξ , 0),

in the sense of distributions as ε → 0 where u(ξ , 0) and η(ξ .0) are defined in Equation (12).
The weak asymptotic method admits a solution comprising of a combination of jump discontinuities and delta distributions in the context of the above definitions and we have the following
theorem:
Theorem 3.1: Let the constant states uL , uR , ηL and ηR be given such that (12) represents Riemann
initial data for the system (3), (4) and c is the admissible shock speed given in (8). Then there exist weak
asymptotic solutions u and η such that the families (u ) and (η ) have distributional limits given by
u(x, t) = uL + (uR − uL )H(x − ct),

(25)

η(x, t) = ηL + (ηR − ηL )H(x − ct) + α(t)δ(x − ct),

(26)

where H is the Heaviside function, δ is the Dirac delta distribution, and
α(t) = [w].
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Proof: In order to construct the required approximate solution that satisfies (25) and (26), we define
an approximate delta distribution
δε (x, t) =

1
ρ
2ε



x − ct − 3ε
ε


+

1
ρ
2ε




x − ct + 3ε
.
ε

In addition, we define a regularized smooth function
⎧
⎪
1 if x ≤ ct − 10ε,
⎪
⎨
1
Hε (x, t) =
if ct − 5ε < x < ct + 5ε,
⎪
⎪
⎩2
0 if x ≥ ct + 10ε,
which continuous smoothly in (−10ε, −5ε) and (5ε, 10ε). Notice in particular that
δε (x − ct)  δ(x − ct)

as ε → 0.

(27)

The interaction between the Heaviside function and the delta function gives the weak limit
1
Hε (x − ct)δε (x − ct)  δ(x − ct).
2

(28)

Furthermore, the following asymptotic expansion holds:
Hε (x, t)

∂Hε (x, t)
1
= δε (x, t) + oD (1).
∂x
2

(29)

We start with the singular ansatz:
uε (x, t) = uL + (uR − uL )Hε (x − ct),

(30)

ηε (x, t) = ηL + (ηR − ηL )Hε (x − ct) + α(t)δε (x − ct).

(31)

Now, it remains to insert this ansatz into (3) and (4). Focussing first on (4), we get
(ηR − ηL )∂t Hε + α (t)δε − cα(t)δ + (uR − uL )∂x Hε + uL (ηR − ηL )∂x Hε + uL α(t)δ
+ ηL (uR − uL )∂x Hε + (uR − uL )(ηR − ηL )∂x Hε2 +

α(t)
(uR − uL )δ = oD (1).
2

All terms containing δ cancel out by Equation (28). By using (27)–(29), it follows from Definition
3.2 that
α (t) =



1
uL − uR ηL + ηR + 2 ,
2

which can be interpreted as the measure of the rate of change of the strength of the discontinuity
given in (13). Indeed, we have α (t) = ∂t [w], so that it is clear that the weak asymptotic method yields
the same solution as the direct construction used in Section 2. Equation (3) is verified similarly and
the choice of the shock speed c which is obtained from the Rankine–Hugoniot condition associated
with (3) gives the desired result readily.
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4. Generalized weak solutions
In what follows, we generalize the weak asymptotic solution constructed above by following the solution concept introduced in [38]. This concept is an extension of the traditional framework of weak
solutions, such as used for example in Lemma 2.1, which essentially allows the inclusion of singular
δ-shocks.
Suppose that  = {γi | i ∈ I} is a graph in the upper half plane containing Lipschitz continuous
arcs γi for i ∈ I, where I denotes a finite index set. Let I0 represent a subset of I containing all arcs
that originate at points on the x-axis and assume 0 = {xk0 | k ∈ I0 } is the set of initial points of the
arcs γk , where k ∈ I0 . We also denote by γi the line integral over the arc γi while ∂ϕ(x, t)/∂l denotes
the tangential derivative of a function ϕ(x, t) on the graph γi . Define

uL if x < 0,
U0 (x) =
(32)
uR if x > 0,
and


ηL if x < 0,
G0 (x) =
ηR if x > 0,

(33)

and define δ-shock initial data by
u0 (x) = U0 (x),

(34)

αk (xk0 , 0)δ(x − xk0 ),

η0 (x) = G0 (x) +

(35)

k∈I0

where xk0 and αk (xk0 , 0) are real constants. We denote the singular part of a solution by
αi (x, t)δ(γi ).

α(x, t)δ() =
i∈I

Now we can make the following definition:
Definition 4.1: The graph  together with the pair of distributions (u(x, t), η(x, t)) defined such that
u(x, t) = U(x, t),
η(x, t) = G(x, t) + α(x, t)δ()
for piecewise continuous functions U(x, t) and G(x, t) is called a generalized δ-shock wave solution
of (3), (4) with the initial data (u0 (x), η0 (x)) if the integral identities
 



U0 (x)ϕ(x, 0) dx = 0,
(36)
U∂t ϕ + (U 2 /2)∂x ϕ dxdt +
R+ R



R


R+ R

(G∂t ϕ + ((G + 1)u) ∂x ϕ) dxdt

+
i∈I


γi

αi (x, t) ∂ϕ(x,t)
+
∂l


R

hold for all test functions ϕ ∈ D(R × R+ ).

αk (xk0 , 0)ϕ(xk0 , 0) = 0

G0 (x)ϕ(x, 0) dx +
k∈I0

(37)
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The integral identities (36) and (37) in Definition 4.1 can be interpreted as natural a generalization of the classical weak solution integral identity given in Lemma 2.1. It is not hard to check that
the solution (25) and (26) defined in Theorem 2.2 satisfy Definition 4.1. Consequently, we have the
theorem:
Theorem 4.1: Let the constant states uL , uR , ηL and ηR be given such that (12) represents Riemann
initial data for the system (3), (4). If c is the admissible shock speed given in (8), then the functions u
and η defined in (25) and (26) represent a weak solution to the Riemann problem associated with the
system (3), (4) in the framework of Definition 4.1.

5. Wavefront profile
The goal in this section is to establish a wave front solution for (3), (4) by introducing viscous terms
into the equations describing the flow. That is, we study a traveling-wave profile of the system
ut + (u2 /2)x = ν1 uxx ,

(38)



ηt + (η + 1)u x = ν2 ηxx ,

(39)

where ν1 and ν2 are small viscosity coefficients. We shall show that there exists a traveling-wave
solution that is bounded at −∞ by the left state (uL , ηL ) and at +∞ by the right state (uR , ηR ).
Theorem 5.1: For a given left state (uL , ηL ) and right state (uR , ηR ), there exists traveling-wave solutions
to (38), (39) for certain values of the viscous ratio ν1 /ν2 = n/2, for n ∈ Z+ .
Proof: We seek a wavefront type solution of the form
u(x, t) = U (x − ct) = U (s),
η(x, t) = H(x − ct) = H(s),
where the traveling-wave speed c is given in (8). Substituting this ansatz into the system (38), (39)
gives
 2
U
− cU +
= ν1 U
(40)
2


− cH + (H + 1)U = ν2 H ,

(41)

which satisfy the asymptotic conditions
U (−∞) = uL , U (+∞) = uR ,
H(−∞) = ηL , H(+∞) = ηR .

Solving (40) gives the familiar wave solution
U (s) = c −




 s
uL − uR
.
tanh uL − uR
2
4ν1

Denoting the shock strength by γ = (uL − uR )/2 simplifies the solution to


γ
U (s) = c − γ tanh
s .
2ν1

(42)
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Next, we integrate (41) once with respect to s to obtain a first order ODE
ν2





 
dH
= −c H − ηL + H + 1 U − ηL + 1 uL .
ds

Substituting U (s) given in (42) and simplifying the structure of the equation by the change of variable
s = ν2 ξ give


dH
+ γ tanh(βξ )H = − γ (ηL + 1) + γ tanh(βξ ) ,
dξ
where β = γ ν2 /2ν1 . We solve this equation by using the integrating factor
 ξ


γ /β
I(ξ ) = exp
γ tanh(βτ )dτ = cosh(βξ )
(43)
to obtain the solution




−(γ /β)
H(ξ ) = −γ cosh(βξ )
(ηL + 1)

ξ



γ /β
dτ +
cosh(βτ )



ξ




γ /β
tanh(βτ )dτ .
cosh(βτ )

We can obtain unreserved expression for H(ξ ) if the exponent γ /β is an integer n. Thus, an explicit
solution can be found if the viscosity relation
2
ν2
=
ν1
n

for n ∈ Z

holds. This leads to the wave profile
 n  
−1 
n (2k−n)βξ
H(ξ ) = −γ (ηL + 1)
e
k
k=0

n
k=0


  (2k−n)βξ
n e
−n
+ 2 μ − 1,
k (2k − n)β

(44)

where μ is a constant of integration. It is obvious that the solution converges only if γ = 2kβ so we
consider two different cases for the solution.
(a) If γ < 2kβ, then the estimate
e(2kβ−γ )ξ → 0 as ξ → −∞,
holds in (44) and the ideal choice of the constant that guarantees bounded solution is μ = 0.
This choice simplifies the solution to
 n  

−1  n  
n (2k−n)βξ
n e(2k−n)βξ
H(ξ ) = −γ (ηL + 1)
e
− 1.
k
k (2k − n)β
k=0

k=0

We next find the limits of H(ξ ) by noting first that as ξ → −∞, the term eγ ξ dominates and
corresponds to the term k = 0. Consequently, we have
lim H(ξ ) = −γ (ηL + 1)

ξ →−∞

1
− 1 = ηL .
−γ

(45)

In like manner as ξ → +∞, the term e2kβξ = eγ ξ , for n = 2k, dominates and corresponds to the
term k = n. This gives the estimate
lim H(ξ ) = −γ (ηL + 1)

ξ →+∞

where the relation in Equation (11) is used.

1
− 1 = ηR ,
γ

(46)
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Figure 5. A graphical representation of the solution H(ξ ) for uL = 2, uR = 1, ηL = 3 and ηR = −5.

(b) If γ > 2kβ, then we have
e(2kβ−γ )ξ → 0 as ξ → +∞.
In this case, the appropriate choice of the integration constant which gives a bounded solution is
μ = 0, just as in the above case and the left and right limits in (45) and (46) apply.


Note that the asymptotic boundary conditions of these viscous solutions satisfy the relation (11)
as though they are approximating a weak solution of the system. However, it appears that as ν1 and
ν2 approach zero, the solutions do not tend to weak solutions of the system (3), (4). Indeed, as shown
in Figure 5, the viscous system always features a non-monotonic profile. Moreover, as shown in Sections 2 and 3, the system does not admit weak solutions, but necessitates the inclusion of the delta
singularity in the shock wave such as in (25), (26). As the strength of the delta distribution grows
linearly in time (cf. (21)), this solution cannot be described in terms of a traveling-wave profile.

6. Conclusion
In this paper, a hyperbolic system arising in the study of long waves in two-fluid systems has been
studied. This system (1), (2) is relevant for example in the neutrally buoyant case of a large pool of
liquid located at the bottom of a deep ocean. The system is given in terms of an average velocity u
in the lower layer, and in terms of the vertical displacement of the interface from the rest position,
denoted by η.
As the flux Jacobian (5) of the system has repeated eigenvalues, the system is not strictly hyperbolic,
and the standard theory of hyperbolic conservation laws cannot be used to find admissible weak
solutions. However, thanks to the special structure of the system, it is possible to reformulate the
second equation in terms of the primitive w of the unknown η.
Using the fact that the system is triangular, solving the first equation (Burgers’ equation) explicitly,
and using the transformed equation for the second unknown, an exact weak solution to the Riemann
problem associated to the original system (1), (2) has been found in Section 2. Since this solution is
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constructed explicitly by solving a transport equation, the solution is automatically unique. Depending on the disposition of the Riemann data, the unknown w may be given by a shock wave. Since w is
the primitive of the original unknown η, the jump in w may be interpreted as a Dirac delta distribution traveling with the shock in η. Thus we have proved that in certain cases, the unique solutions to
a hyperbolic but not strictly hyperbolic system is given by a singular solution featuring a Dirac delta
distribution traveling with the discontinuity, or in other words, a so-called Delta shock.
In Section 3, we have defined the solution of the original system (1), (2) in terms of weak asymptotic
solutions, such as defined for example in [35]. Using this theory also leads to a Delta shock with
a strength α(t), where the derivative α (t) represents the Rankine–Hugoniot deficit as defined by
various authors [17,22,39]. The solution also displays the reassuring feature that α(t) matches the
amplitude of the Dirac delta distribution obtained in Section 2 exactly.
In Section 4, a more general type of weak solution is defined. This definition is given along the lines
of the definition fond in [17,35], and the solution obtained in Section 3 also satisfies the equation in
terms of this more general definition. Finally, Section 5 investigates the problem in the framework of a
viscous regularization. Using the resulting nonlinear parabolic system, steady traveling-wave profiles
may be found in exact form using extensive computations. These solutions feature smoothed spikes,
such as may be expected from the Delta shocks found in the previous sections. However, as the viscous parameters tend to zero, the spikes do not grow in size which shows that the solutions found in
the previous sections cannot be framed in terms of traveling-wave solutions. Indeed these solutions
feature growing Delta singularities, and therefore cannot be approximated by smooth steady profiles.
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