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The two-dimensional motion of point vortices in an inviscid fluid with a free surface and an impenetrable bed is investigated. The work is based on forming a closed system of equations for surface
variables and vortex positions using a variant of the Ablowitz, Fokas, and Musslimani formulation
[M. J. Ablowitz, A. S. Fokas, and Z. H. Musslimani, J. Fluid Mech. 562, 313–343 (2006)] of the
water-wave free-surface problem. The equations are approximated with a dealiased spectral method
making use of a high-order approximation of the Dirichlet-Neumann operator and a high-order timestepping scheme. Numerical simulations reveal that the combination of vortex motion and solid bottom
boundary yields interesting dynamics not seen in the case of vortex motion in an infinitely deep fluid.
In particular, strong deformations of the free surface, including non-symmetric surface profiles and
regions of large energy concentration, are observed. Our simulations also uncover a rich variety of
vortex trajectories including orbiting and nearly parallel patterns of motion. The dynamics of the free
surface and of the point vortices are strongly influenced by the initial placement and polarity of the
vortices. The method put forward here is flexible enough to handle a large number of vortices and
may easily be extended to include the effects of varying bathymetry, stratification, and background
shear currents. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4977801]
I. INTRODUCTION

Motivated by the need to identify moving underwater
objects by their surface wave signatures, a number of authors
have studied the problem of how free fluid surfaces respond to
the motion of submerged vortices. This has included detailed
analytic studies of one or two vortices for short times,2,3
and numerical and experimental studies of two vortices over
asymptotically significant time scales.4–7 Complementing this
work, using conformal maps and asymptotic methods, the
way in which an isolated vortex induces surface wave radiation up to and past the speed of sound was studied in Ref. 8.
Previous work on vortex pairs defined two types, the so-called
“sub-critical” and “super-critical” cases characterized by a
non-dimensional measure of the initial separation of the two
vortices. In the super-critical case, the vortices move closer
together while rising, inducing the formation of a surface
mound around the vortices and “scars,” or depressions, on
either side of the surface mound. The sub-critical case is characterized by a relatively weak surface response with the vortex
motion proceeding as in the case of a rigid lid for long time
scales. In either case though, on long enough time scales,
breaking occurs when the vortices are close enough to the
surface.
In these previous works, the fluid is assumed infinitely
deep and constraints are explicitly placed on the flow which
keeps the vortex positions symmetric. Thus bottom boundary effects are not captured, and while there is agreement
with experimental results, the symmetry restrictions used in
previous simulation and analysis do not allow for the full
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range of possible flows. To go further then, in a shallowwater regime, by extending the method of Ref. 1, we derive a
system of differential-integral equations which describes the
surface/point vortex system for an arbitrary number of submerged vortices. Using the Dirichlet-to-Neumann operator
(DNO) approach of Refs. 9 and 10, we are able to develop
long-time numerical simulations which capture most if not all
of the nonlinear interactions between the surface and the vortices, where again we can have an arbitrary number of vortices.
This is a fundamentally different approach than that has been
used previously in the relevant literature.
In order to connect back to previous work, we examine
flows with a counter-rotating vortex pair in the fluid interior.
This is done both under a traveling wave and under a quiescent surface. We study several parameter regimes in the case
of vortices moving under a traveling wave which allows us to
characterize sub- and super-critical parameter regimes. Likewise, for the case of initially quiescent surface profiles, while
we are able to find much of the general phenomena seen previously, we see that waves of higher amplitude form over shorter
time scales due to the presence of the bottom boundary which
produces an upwelling effect unseen in previous work. This
leads to the formation of large amplitude nonlinear waves with
deeper scars than previously observed. Ultimately, this appears
to lead to wave breaking on much faster time scales.
We then look at several cases of two pairs of vortices
with net zero angular momentum. While sharing some similar
characteristics with the two-vortex case, the added interactions
give rise to a wide variety of higher amplitude surface profiles and potential wave-breaking mechanisms that have not
been studied. While multi-vortex systems have been looked
at in Ref. 11, where the canonical Hamiltonian structure of
collections of vortices underneath surface waves was derived,
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the dynamics of multi-vortex systems were not studied. Thus
our results are fundamentally new.
The study of larger collections of vortices is motivated by
the experiments in Refs. 12–14 which show that surface waves
induce eddy formation as they move over varying bathymetry
in shallow water. The interaction between eddies and surface
waves is not well studied, and as these experiments show, it
appears to be a ubiquitous feature of coastal flows. We argue
then that the present work is a first step towards developing
a vortex based method,15 in which collections of irrotational
point vortices are used to approximate larger vortical structures. As noted in Ref. 15, such methods capture the physics
of the flow while allowing for the use of simple systems of
model equations.
Aside from facilitating the development of numerical simulations, other effects could be readily included to the present
work, such as varying bathymetry, stratification, and constant
background shear currents. Further, the framework used in this
paper allows for the ready derivation of asymptotic reductions
of the full nonlinear system, thus providing further physical
insight that would be difficult to obtain from direct simulation
alone. Developing these ideas may lead to a better understanding of tsunami propagation and wave-energy device design,
and thus the present work should have impact on important
applications.
The outline of the paper is as follows. The remainder
of this section presents the classic, bulk-variable dependent
model for the surface-wave/vortex system. Section II presents
the extension to the method in Ref. 1 whereby we write model
equations in terms of surface variables and vortex positions
alone, thus removing any dependence on bulk-variables. Section III presents the shallow water formulation of the surfacewave/vortex system. DNO expansions and the linearization
of the surface-wave/vortex system are derived. Section IV
presents the results of several numerical simulations involving both two and four vortices. Section V presents conclusions of this work and also further describes future directions.
Appendices A and B collect technical details and derivations
used in the paper.
A. Model formulation

Throughout this work, we assume that the fluid is inviscid
and incompressible. We place an impermeable boundary at z
= 0 and a free surface at z = η(x, t) + H. The only vorticity
in the problem comes from a collection of irrotational point
vortices submerged beneath the free surface. We take the fluid
domain to be periodic, with period 2L, and −L ≤ x ≤ L. See
Figure 1 for reference.
Given our assumptions on the fluid, the fluid velocity u
is given by the gradient of a potential, say φ. We can further

vjl(h)

=

vjl(v) = 

sinh



cosh



π
L (zj

− zl )



cosh



π
L (zj

− zl )



π
L zl

FIG. 1. Irrotational point vortices submerged under a free surface gravity
wave.

separate this potential by writing
φ(x, z, t) = φv (x, z, t) + φ̃(x, z, t).
The potential φ̃ describes the bulk and surface fluid flow while
the potential describing the vortex motion, φv , is defined to be
φv (x, z, t) =

N
1 X
Γj φv,j (x, z, t),
2π j=1

with Γj denoting the circulation strength of the vortices and
φv,j (x, z, t) = φ+v,j (x, z, t) − φ−v,j (x, z, t),


where, denoting the vortex positions as xj (t) = xj (t), zj (t) ,
we set
φ+v,j (x, z, t) = Φp (x − xj (t), z − zj (t)),
φ−v,j (x, z, t) = Φp (x − xj (t), z + zj (t)),
where
Φp (x, z) =

∞
X

tan−1



m=−∞


z
.
x − 2mL

Our choice for φv , aside from addressing the requirement of
periodic boundary conditions, ensures that
∂z φv | z=0 = 0.
By further supposing that
∂z φ̃

z=0

= 0,

we satisfy the assumption that z = 0 is an impermeable
boundary.
Standard arguments then give for the vortex velocities
ẋ j =

 πz 
X
1 *
j
.Γj cotanh
+2
Γl vjl(h) +/ + φ̃x (xj , zj , t),
4L
L
l,j
,
żj =

π  X
1
sinh zj
Γl vjl(v) + φ̃z (xj , zj , t),
2L
L
l,j

where



cosh( πL zl ) − cosh( πL zj ) cos πL (xj − xl )

 



 ,
− cos πL (xj − xl )
cosh πL (zj + zl ) − cos πL (xj − xl )


 
sin πL (xj − xl ) sinh πL zl

 



 .
− cos πL (xj − xl )
cosh πL (zj + zl ) − cos πL (xj − xl )


(1)

(2)

(3)
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At the surface, we have the kinematic condition which,
separating into vortex and bulk variables, becomes
η t − φ̃z + η x φ̃x = Pv (x, η, t), z = η(x, t) + H,

(4)

where
Pv (x, η, t) = ∂z φv − η x ∂x φv .
Finally, at the surface, we have the Bernoulli equation, which
becomes after separating into vortex and bulk variables,
φ̃t +

2
1
∇φ̃ + ∇φv · ∇φ̃ + gη = Ev (x, η, t),
2

−L

+ iq̃x sinh(k(η + H))) dx = 0,

1
− |∇φv | 2 .
2
The system given by Equations (2)–(5) coupled with the bulk
requirement that
(6)

and the Neumann boundary condition, ∂z φ̃(x, 0, t) = 0, gives
a closed system of equations in terms of η, φ̃, and the vortex
positions (x j (t), zj (t)). However, this requires the solution of a
nonlinear free boundary value problem, which does not allow
for any direct analytic solution approaches. Further, even with
regard to developing numerical schemes, any method which
removes the need to solve throughout the bulk of the fluid
is desirable. This goal can be at least partially achieved by
defining
q̃(x, t) = φ̃(x, η(x, t) + H, t).

ψj (x, z, t) = −

∞



1 X   2
2
2
2
ln x̃j,m + z̃j,−
+ ln x̃j,m
+ z̃j,+
,
4π m=−∞

where
x̃j,m =

(x − xj − 2mL)
γ
γ
, z̃j,− = (z − zj ), z̃j,+ = (z + zj )
L
H
H

and
H
.
L
We are then able to show the identity
L  

φ̃x (xj , zj , t) = −
φ̃z ∂x ψj + η x ∂z ψj
−L


+ φ̃x −η x ∂x ψj + ∂z ψj
γ=

z=η+H

We can then transform the derivatives of the potential at the
surface via the equations
!
!
!
1
φ̃x
1 ηx
q̃x
=
(7)
φ̃z z=η+H 1 + η x2 η x −1 −η t + Pv

(8)

In this way, it is possible to rewrite the Bernoulli equation (5) in
terms of surface variables and vortex positions alone. However,
since we have made use of the kinematic condition Equation
(4), we cannot rewrite this equation in terms of itself. Likewise,
we have no means of removing the bulk-variable dependence
in Equations (2) and (3).
To address this issue, we now turn to the method of
Ablowitz, Fokas, and Musslimani (AFM) as described in
Ref. 1. Through an extension to the existing scheme, we will
be able to write a closed system of equations in terms of surface variables and vortex positions alone. This will remove
any need to solve equations, either analytically or numerically,
throughout the bulk of the fluid. As we show, this approach then
readily allows us to derive efficient numerical approximation
schemes.

dx.

See Appendix A for the technical details of the derivation.
Using the kinematic condition and basic definitions then allows
us to show that
L 

(η t − Pv ) ∂x ψj + q̃x ∂z ψj
dx.
φ̃x (xj , zj , t) = −
−L

and
φ̃t = q̃t − φ̃z η t .

(9)

for k ∈ Z\ {0}. We omit the details of this derivation since one
may directly follow the arguments in Ref. 1 to derive (9).
Looking at Equations (2) and (3) though, we are still left
with needing to evaluate
the

 background flow potential φ̃ at
the vortex positions xj , zj . To deal with this, we introduce
the auxiliary harmonic functions

N


1 X 
Γj ẋj ∂x φv,j + żj ∂z φ+v,j + φ−v,j
2π j=1

∆φ̃ = 0, 0 ≤ z ≤ η(x, t) + H,

We now show how to rewrite the system of Equations (2)–
(6) in terms of surface variables and vortex positions alone
via the method described in Ref. 1. Making use of Equation
(4), the work in Ref. 1 readily allows us to rewrite the kinematic condition as the infinite system of integro-differential
equations,
L
e−iπkx/L (cosh(k(η + H)) (η t − Pv )

(5)

where
Ev (x, η, t) =

II. THE SURFACE-VARIABLE/VORTEX-POSITION
FORMULATION

z=η+H

(10)
Proceeding in a similar fashion for φ̃z , we introduce the
auxiliary harmonic function
ψ̃j = −

∞



1 X   2
2
2
2
.
ln x̃j,m + z̃j,−
− ln x̃j,m
+ z̃j,+
4π m=−∞

This choice ensures that ψ̃j (x, 0, t) = 0. Again, using the
arguments described in Appendix A, we then can find that
L  

φ̃z (xj , zj , t) = −
ψ̃j η x φ̃xz + φ̃xx
−L


+ φ̃z −η x ∂x ψ̃j + ∂z ψ̃j
dx.
z=η+H

Again, the kinematic condition and basic definitions then
allows us to show that
L 

(η t − Pv ) ∂z ψ̃j − q̃x ∂x ψ̃j
φ̃z (xj , zj , t) = −
dx.
−L

z=η+H
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Thus, we have now shown how to rewrite Equations (2) and
(3) in the bulk-independent form
 πz 
X
1
j
ẋ j = *.Γj cotanh
+2
Γl vjl(h) +/
4L
L
l,j
,
L 

(η t − Pv ) ∂x ψj + q̃x ∂z ψj
−
dx,
(11)

and Equations (11) and (12) become
ẋj =

z=η+H

−L

π  X
1
sinh zj
żj =
Γl vjl(v)
2L
L
l,j
L 

(η t − Pv ) ∂z ψ̃j − q̃x ∂x ψ̃j
−
−L

żj =
z=η+H

dx.

(12)

III. SCALINGS, NUMERICAL IMPLEMENTATION,
AND LINEAR DYNAMICS

We now choose the following non-dimensionalizations:
p
p
Γj
gH
z
x
t, η = d η̃, φ̃ = µL gH φ̃˜, Γ̃j = ,
x̃ = , z̃ = , t̃ =
L
H
L
Γ
where we define the non-dimensional parameters
d
H
µ= , γ= ,
H
L
and where we define the Froude number F to be
Γ
F=
p .
µL gH
Recall that L is the length of the domain, and note that d is
taken as the expected amplitude of the free surface. These scalings are motivated mainly by the goal of obtaining an efficient
numerical procedure. If we then define Q = q̃x , the Bernoulli
equation (5) becomes, after using Equations (7) and (8) and
then dropping tildes,
1
1 2
Q − µγ 2 η t η x Q
1 + µ2 γ 2 η x2 2

1 2
+ φsx (Q + µγη x (Ps − γη t )) +
Ps − γ 2 η t2
2
!
+ φsz (γ µη x Q − (Ps − γη t )) = ∂x Es (x, t),

Qt + η x + µ∂x


 X (v)
Fµ
sinh πγzj
Γl vjl
2γ
l,j

µ 1 
(γη t − Ps ) ϕx (x − xj , z; zj )
−
γ −1

+ Qϕz (x − xj , z; zj )
dx,

(16)

z=1+µη

The definitions of φsx , φsz , ϕx , ϕz , ϕ̃x , and ϕ̃z can be found
in Appendix B. We now develop the machinery necessary to
implement numerical schemes to solve the system of Equations
(13)–(16).
A. Dirichlet-to-Neumann expansions

Our choice of scaling allows us to readily generate the
Dirichlet-to-Neumann Operator (DNO) expansion. This is
done, as in Ref. 9 and elsewhere, by supposing that


1
η t − Pv (x, 1 + µη, t) = G0 + µG1 + µ2 G2 + · · · Q.
γ
Defining the Fourier transform of a periodic function f (x) to
be f̂ , so that

1 1
f̂ (k) =
f (x)e−iπkx dx, k ∈ Z,
2 −1
we define, for a linear operator L, its associated symbol L̂(k)
by way of the formula

1 1
L̂(k)f̂ (k) =
Lf (x)e−iπkx dx.
2 −1
Using the AFM equation (14), we then get
i
Ĝ0 (k) = − tanh(πγk),
γ

(13)

where
Ps (x, t) = φsz (x, t) − µγη x φsx (x, t)

and, for m ≥ 1,
Gm Q = −



1
2j
Dγ η 2j Gm−2j Q
(2j)!

− γ 2 ∂x G0


Γj ẋj ϕx (x − xj , 1 + µη; zj )

b(m−1)/2c
X
j=0

2j


Dγ
η 2j+1 Gm−2j−1 Q
(2j + 1)!


1
−
Lm ∂x Dγm−1 η m Q ,
m!

j=1

 µ

+ γżj ϕ̃z (x − xj , 1 + µη; zj ) −
φ2sx + φ2sz .
2
The AFM equation (9) becomes
!
1
1
−iπkx
e
cosh (πγk(1 + µη)) η t − Pv (x, 1 + µη, t)
γ
−1
!
1
+ i Q sinh (πγk(1 + µη)) dx = 0, k ∈ Z, (14)
γ

bm/2c
X
j=1

and
Es (x, t) = F

(15)

z=1+µη

Thus, coupled with the use of (7) to rewrite (5), and the use of
the AFM method to derive (9), we have now derived a system
of equations that are in terms of surface variables and vortex
positions alone.

N
X

X


Fµ *
.Γj cotanh πγzj + 2
Γl vjl(h) +/
4
l,j
,
1 
(γη t − Ps ) ϕ̃z (x − xj , z; zj )
+µ
−1

+ Q ϕ̃x (x − xj , z; zj )
dx,

where
D̂γ = πγk
and
(
L̂m =

1, m is odd,
iγ Ĝ0 (k), m is even.
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In order to build a numerical method though, there is of
course the question of where to truncate the DNO expansions. Throughout the paper, we use the convention of taking enough terms, say Ñ, such that, using the numerically
computed solution for Q(x, t f ), we satisfy the criteria
2

≤ eps,

∞
X
sin(ω(k)t) sinh(πγkzj )
k=1

ω(k)

γ

e−πγk sin(πk(x − xj )).

(17)

2

C. Convergence of the method for F = 0

where eps denotes machine precision, which on 64-bit
machines is on the order of 10 16 . Here, t f is the final time
to which a given simulation is run. We argue that satisfying
this inequality should in most cases imply that subsequent
terms should have little to no effect on the dynamics. For each
simulation presented in this paper, by choosing multiple truncation points, no effect was seen by including terms beyond
what would be selected via our truncation convention.
B. Linear dynamics

In order to get at least some short time intuition about the
response of the above system, we suppose that µ  γ, so that
in the linear regime we have ẋ j ∼ 0, żj ∼ 0,
Qt + η x = 0,
and

Rs,j (x, t) =

(18)

GÑ Q(·, tf )
Q(·, tf )

where the functions Rs,j are found by taking inverse Fourier
transforms and using symmetry arguments such that one finds


η̂ t − Ĝ0 (k)Q̂ = F

e−iπkx P̃v dx,
R

where

√ n
x
γ 2X
Γj zj e−iπkxj
.
P̃v =
2
2
2
π j=1
(x + γ (1 − zj ) )(x 2 + γ 2 (1 + zj )2 )
We can readily show using a contour integral argument that

n
i X sinh(πγkzj ) −iπkxj −πγ |k |
−iπkx
Γj
e
.
e
P̃v dx = − √
γ
R
2 j=1
Note that, in order for this result to hold, we need to assume
that 0 ≤ zj < 1. Thus, if we linearize around a quiescent initial
condition, using (1) whereby we have
η̂(k, 0) = 0, Q̂(k, 0) = Q̂0 (k) = −ik φ̂v (k, 1)
in frequency space, we get the leading order behavior
!
!
cos(ω(k)t)
Q̂(k, t)
= Q̂0 (k) ω
η̂(k, t)
iπk sin(ω(k)t)
!
iF iπk(cos(ω(k)t) − 1)/ω(k)
−√
sin(ω(k)t)
2
n
X sinh(πγkzj )
×
Γj
e−iπkxj −πγ |k | ,
γω(k)
j=1

The numerical method can be validated most easily for F
= 0 since in this case solutions of the Korteweg-de Vries (KdV)
equation can be used as approximate solutions of the surface
water-wave problem, and the vortices can be thought of as
passive tracers, such as explained in Ref. 16. We can use initial
conditions corresponding to the choice t = 0 in the solutions
to the KdV equation given in Sec. IV by Equations (20) and
(21) with m̃ = 0.2 and q0 chosen so that the initial conditions
have zero spatial average. While the KdV solutions are nearly
exact, we provide a Cauchy convergence study of our method
to establish its validity. For all of the following simulations, we
use a pseudo-spectral in space and a fourth order Runge-Kutta
time-integration scheme. The time step used is δt = 1 × 10−2 ,
and the error introduced by these choices is on the order of
10 8 . In order to avoid aliasing, the Orszag “2/3-rule” is used
throughout the simulations.
The chief concern with regards to numerical accuracy in
using DNO expansions comes from issues related to the catastrophic cancellation of the higher order terms.17 To see this,
√
we first choose µ = 0.2, γ = µ, and the final time of the
simulation t f = 12. We choose K M = 256 and K M = 512, and
we truncate the DNO expansion at the 11th term Ñ = 10 for
both choices of K M ; see Equation (17) for reference. We see in
Figure 2 that the two solutions for η(x, 12) are indistinguishable up to machine precision. We note that except for the choice
of initial data, this result does not depend on the validity of
KdV as an approximation to the full problem. We therefore see
over an asymptotically significant time scale, i.e., tf > 2/µ,
that the method has converged in the Cauchy sense.
In contrast, we now choose µ = 0.4 while still letting
√
γ = µ. Again letting t f = 12, we compare the performance
of the method by looking at the difference between using K M
= 64 and K M = 128 modes and then using K M = 256 and
K M = 512 modes. We double the number of terms used in the
DNO expansion by truncating at the 21st mode Ñ = 20. As

where
s
ω(k) =

πk tanh(πγk)
.
γ

Defining the surface response to the vortex induced forcing as
Rs (x, t), we readily see that this is given by
n
X
Rs (x, t) = F
Γj Rs,j (x, t),
j=1

FIG. 2. The log plot of the difference in the solutions at t f = 12 using K M
= 256 and K M = 512 modes. As can be seen, the solutions are identical up to
machine precision, and thus the sampling rate described in the Introduction
√
should be sufficient. Here µ = 0.2 and γ = µ.
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√
FIG. 3. Left panel: For µ = 0.4 and γ = µ, the log plot of the difference in the solutions at t f = 12 using K M = 64 and K M = 128 modes (- -) and using K M =
256 and K M = 512 modes (–). The introduction of higher modes allows catastrophic cancellation to remove two digits of accuracy. Right panel: For µ = 0.4 and
γ = µ, the log plot of the difference in the solutions at t f = 12 using K M = 64 and K M = 128 modes (- -) and using K M = 256 and K M = 512 modes (–). While
catastrophic cancellation still plays a role, by decreasing the magnitude of γ, it is significantly mitigated.

seen in the left panel of Figure 3, while one can argue that
using K M = 512 modes still produces a very accurate solution,
the combination of the larger value of µ and γ has allowed
for the catastrophic cancellation described in Ref. 17 to begin
to drive errors up in comparison to using simulations with
lower numbers of modes. To further make the point, we can
reduce the magnitude of the long wave parameter γ such that
γ = µ = 0.4. In this case, as we see in the right panel of
Figure 3, while catastrophic cancellation issues still keep the
simulations with K M = 512 modes as accurate as lower mode
simulations, this effect is greatly mitigated by having reduced
the magnitude of the long wavelength parameter γ.
IV. NUMERICAL RESULTS

We now describe the general details of our numerical experiments involving different vortex configurations.
Throughout the remainder of the paper, while our choice for µ
√
will vary, we choose γ = µ since this corresponds to the KdV
balance described above and is a typical choice for “shallowwater” models. This scaling is chosen here because it is in the
shallow-water regime that the finite depth is felt most acutely.
Based on the convergence studies above, we likewise sample
the domain with K M = 512 modes so that the wavenumbers k
satisfy −255 ≤ k ≤ 256. Again, the Orszag “2/3-rule” is used
throughout the simulations. Thus, since the non-dimensional
domain is [ 1,1], this choice corresponds to a grid spacing of
δx ≈ 0.006.
For the problems involving only two vortices, we use the
initial horizontal positions
x1 (0) = −µγ, x2 (0) = µγ.

(19)

Since we chose the parameter d to characterize wave amplitudes, and since d/L = µγ, our choice of initial positions
is equivalent to assuming that the initial separation length
between the vortices is of the same order as the characteristic
wave amplitude. For those problems involving four vortices,
we use two different sets of starting positions. The first, which
we call the clustered case, clusters the vortices so that
x1 (0) = −5µγ/2, x2 (0) = −3µγ/2,
x3 (0) = 3µγ/2, x4 (0) = 5µγ/2.
Thus each vortex is within µγ of its nearest neighbor, which
again implies that we are assuming characteristic initial vortex

separation lengths which are comparable to wave amplitudes.
In the second set, which we call the equispaced case, we space
the vortices evenly so that
x1 (0) = −3µγ/2, x2 (0) = −µγ/2,
x3 (0) = µγ/2, x4 (0) = 3µγ/2.
In all cases we start with zj (0) = 0.25. Throughout, we keep
|Γj | = 1 and use the Froude number F to set the effective
strength of the vortices.
It is nontrivial at this point to describe what choices of F
correspond to subcritical or supercritical vortices as described
in the previous literature. We note that our choice of F is not
the same as in, for example, Ref. 2 or Ref. 6, where they define
the Froude number F̃ to be
Γ
F̃ = 3/2 1/2 .
d g
Comparing these two choices of Froude number shows that
our choice for F satisfies
√
F = γ µF̃.
The supercritical or strong case is usually taken to be when F̃
≥ 1, which corresponds to F ≥ 0.2 using the values for µ and γ
from above. However, as we explore throughout the remainder
of this section, in contrast to the previous literature, the extra
parameters associated with the shallow-water regime make
the binary classification of flows into the sub- or supercritical
regimes difficult to impossible except in particular cases.
There is the question of how long to let simulations run,
which instead of t f , as in Equation (17), we now denote as
t b . As each simulation shows, and as we would expect, highfrequency modes appear due to vortices getting closer to the
free surface. We can think of the corresponding high-frequency
phenomena as a loss in regularity of the surface profile, which
is to say that the surface profile is starting to break. This is
a heuristic argument though, and more sophisticated simulations, such as vortex sheet based methods,6,18 would need to
be done to establish at what times vertical gradients or singularities in the wave profile are formed. That breaking which
could occur is not surprising, and breaking has been observed
in the deep water simulations reported on previously.5
For those cases where we begin with quiescent surfaces,
we now define a quantitative means for choosing t b . Taking
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the number of modes in the pseudo-spectral scheme to be K M
= 512, using the 2/3-rule means that the highest effective mode
in the numerical scheme is k∗ = 170. We then define the
breaking time t b to be the first time such that
η̂ k∗ (t) ≥ 10−9 .
Note, throughout we still choose Ñ to maintain the truncation
condition in Equation (17). As noted above, since we cannot
model overturning waves, this should be taken as a rough measure, though we argue that once so much energy has appeared
in such high wavenumbers, this is a reasonable measure of
when a wave would begin forming vertical gradients. In conjunction with this, we also look at the breaking distance δb
where we define this to be
δb = 1 + µη b − zb , zb = max zj (tb ), η b = η(xb , tb ),
1≤j ≤N

where x b is the horizontal position corresponding to the vertical
position zb . We thus can compare for a variety of configurations
when rising vortices cause the surface to break and at what
relative depth they induce this breaking. We also include plots
of the surface energy E(t) defined to be
E(t) = P(t) + K(t),
where the potential energy P(t) and kinetic energy K(t) are
given by


1 1
1 1 2
η dx, K(t) =
qG(η)Qdx.
P(t) =
2 −1
2 −1
We again note that Q = qx , and our use of Q implies that
the form of the DNO G is different than that found in, for
example, Ref. 9. As shown in Ref. 11, the surface-wave/vortex
system is Hamiltonian with total energy given by E(t) and the
energy possessed by the vortices themselves. Thus E(t) and its
constituent parts provide a direct measurement of the balance
between the energy in the surface and the vortices, and we
use the dynamics of E(t), P(t), and K(t) to complement the
definition of the breaking time t b .
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Note, we see by deriving this equation that we are in fact, in
the absence of vortices, in a classically defined shallow water
regime, thus justifying our choice of scalings a posteriori.
As is known, the KdV equation has an infinite number of
periodic traveling wave solutions of the form
Q(x, t) ∼

2
4
q0 + m̃2 K2 (m̃)cn2 (K(m̃) (x − (1 + µc̃) t) ; m̃) ,
3
3
(20)

where
c̃ =

2 2
K (m̃)(2m̃2 − 1) + q0 ,
3

and where 0 ≤ m̃ < 1 is the elliptic modulus of the cnoidal
function cn(·; m̃) and where K(m̃) represents the complete
elliptic integral of the first kind. This then implies that the
surface profile is to leading order given by
!
2 2
2
(21)
η(x, t) ∼ 1 + µK (m̃)(2m̃ − 1) Q(x, t).
3
Choosing the elliptic modulus to be m̃ = 0.2, we look at
the case of two counter-propagating vortices under the traveling wave where we compare the dynamics for F = 0, 0.02,
and 0.2. In all cases, we truncate the DNO expansion at the
32nd term, i.e., G31 . We run each simulation up to t = 5 = 1/µ
so that nonlinear effects have time to become asymptotically
significant. Note that we do not consider the case of a breaking
wave in this subsection. We then choose q0 = 0 for ease.
Setting F = 0 makes the vortices passive tracers in the
bulk of the fluid. As can be seen then from the motion of the
vortices in Figure 5, there is very little difference between the
vortex paths for F = 0.02 and the path of a passive tracer. Likewise, observing the surface response seen in Figure 4 (upper
panel), we see that the vortex motion has little to no effect on
the surface wave profile. Thus, we can readily argue that the
choice of F = 0.02 corresponds to a sub-critical value of the
Froude number. In contrast, the choice of F = 0.2 clearly leads
to a significant departure of the vortex trajectories from the

A. Two counter propagating vortices under
a traveling wave

By setting the vortex strengths to zero, we would expect
to recover the classical case of shallow water flow in which
the KdV equation becomes a valid asymptotic approximation.
Expanding up to O(µ, γ 2 ) we get the system of equations
µ
Qt + η x + ∂x Q2 ∼ 0
2
and
!
!
γ2
γ2
1 − ∂x2 η t + ∂x 1 − ∂x2 Q + µ∂x (ηQ) ∼ 0.
2
6
By introducing the coordinates
ξ = x − t, τ = µt
and taking the balance
γ=

√

µ,

we derive the Korteweg-de Vries (KdV) equation
1
2Qτ + 3QQξ + Qξ ξ ξ = 0.
3

FIG. 4. Upper panel: The surface response η(x, 5) for a traveling cnoidal
solution of the KdV equation with elliptic modulus m̃ = 0.2 and Froude
number F = 0.02. Lower panel: The surface response η(x, 5) for a traveling
cnoidal solution of the KdV equation with elliptic modulus m̃ = 0.2 and
Froude number F = 0.2. The increased Froude number allows for stronger
deformation of the surface wave by the rising vortices.

032101-8

C. W. Curtis and H. Kalisch

Phys. Fluids 29, 032101 (2017)

FIG. 5. Left panel: Trajectory of the left vortex moving under a cnoidal wave. Right panel: Trajectory of the right vortex moving under a cnoidal wave. In both
figures, 0 ≤ t ≤ 5 for Froude numbers F = 0 (dashed line), 0.02 (dashed-dotted line), and 0.2 (solid line). The vortex motion starts at the light grey dot and ends
at the black dot.

paths of passive tracers as can be seen in the stronger vortex
dynamics in Figure 5. Nevertheless, the impact of the vortices
on the free surface profile is not very pronounced, see Figure
4 (lower panel), since the vortices have not risen near enough
to the surface. However, even if the departure from the passive tracer case is minor as for the F = 0.02 case, it appears
that the presence of vorticity destroys the steady nature of the
KdV flow. However, in special cases with surface tension, it is
possible to recover a steady flow in the presence of vorticity.19
B. Two counter propagating vortices under an initially
quiescent surface

Throughout the remainder of the paper, we use the initial
conditions
η(x, 0) = 0, Q(x, 0) = −∂x φv (x, 1),
so that the initial surface profile is flat and still. Likewise,
throughout the remainder of the paper, we truncate the DNO
expansions at Ñ = 19; again see Equation (17) for reference.
On relatively short time scales, we can compare our numerics
to the linear theory derived in Sec. III B. Using Equation (18),
we can show that for a pair of counter-rotating vortices, which
we describe as the Plus/Minus or PM case, the forcing response
for the free surface is given by the function
Rs (x, t) = 2

∞
X
sin(ω(k)t) sinh(πγkz1 )
k=1

ω(k)

γ

× sin(πkx1 ) cos(πkx).

e−πγk
(22)

We note that this result relies on assuming that the vortices are
essentially stationary. We expect though that as the vortices
rise, there will be a limited time scale over which the linear
theory is valid. To quantify this, we define the time t l which is

the first time t at which
||η(·, t) − Rs (·, t)|| 2
≥ µ.
||η(·, t)|| 2
For t ≥ tl , we expect nonlinear effects to become significant
due to the rise of the vortex pair.
In order to study the impact of changing F and µ, we plot
t l as a function of F for 0.01 ≤ F ≤ 0.3 in the cases µ = 0.1
and µ = 0.2; Figure 6, (left panel). This figure displays several
fascinating qualities. We first notice that t l is markedly shorter
for µ = 0.1 than for µ = 0.2. Given our choice of initial
vortex positions though, see Equation (19), the smaller µ value
has the vortices start closer together, so that they must rise
faster for the same value of F, thus explaining the discrepancy.
Related to this, we also see the response of t l to changes in F is
fundamentally different for the different choices of µ. The most
conspicuous differences are the rapid transitions in t l . In the
µ = 0.2 case, for F near 0.1 and 0.15, the value of t l undergoes
two sharp transitions. However, for µ = 0.1, the increased
speed of the rising vortices only allows for one transition region
for F near 0.05. While it is tempting then to describe at least
one of these transitions as a transition from the sub- to supercritical vortex regime, this would be an arbitrary decision, and
not appropriate over the different parameter choices. What
appears to be true instead is that in contrast to the previous
literature, the behavior of vortices in the shallow water regime
is strongly parameter dependent, and ready dichotomies of
behavior are not as apparent.
In the particular case for F = 0.2 and µ = 0.2 at t = 0.5,
we see in Figure 6 (right panel) that the linear response is
quite accurate. The falling troughs, or scars, seen in much
of the existing literature5,7 are present. However, we note

FIG. 6. (PM case) Left panel: The quantity tl as a function of F for µ = 0.1 (- -) and µ = 0.2 (–). Right panel: Comparison between linear theory (·) and
numerics (- -) at t = 0.5. For µ = 0.2, there are two rapid transitions in the time at which nonlinearity becomes significant around F = 0.15 in contrast to the one
transition for µ = 0.1 as seen in the right panel.
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FIG. 7. (PM case) Left panel: Plot of the breaking time t b as a function of Froude number F. Right panel: Plot of the breaking distance δb as a function of
Froude number F. In both panels, we look at µ = 0.1 (- -) and µ = 0.2 (–). The smaller parameter value µ = 0.1 allows for a faster rise of the vortices (left panel)
and a closer approach to the surface (right panel).

that in previous work, the formation of mounds in the surface
profile corresponded to the vortices being near the wave crest.
Thus, the presence of the bottom boundary and the concomitant upwelling it induces causes wave profiles to form at far
shorter time scales and for different reasons than reported in
the previous literature.
To further explore the role of nonlinearity, we now look
at how the breaking time t b and breaking distance δb depend
on the choice of F and µ. As seen in Figure 7 (left panel), the
breaking time is markedly shorter for µ = 0.1 than µ = 0.2,
which is in accord with our choice of initial vortex positions
and in line with the results above for t l . We emphasize though
that in all cases tb > tl , and so we are always outside the linear
regime at the breaking time for both µ = 0.1 and µ = 0.2. We
also see that the vortices are able to get closer to the surface
for µ = 0.1 than for µ = 0.2 as seen by comparing δb in the
right panel of Figure 7. Finally, it is worth emphasizing that
for the range of Froude numbers examined, 0.1 ≤ F ≤ 0.3,
no readily identifiable critical behavior emerges. Thus, trying
to use either t b or δb to define sub- or super-critical regimes
seems inappropriate.
To build greater intuition, we now choose the particular
values F = 0.2 and µ = 0.2 and look at simulations of the
surface, vortex positions, and energy for 0 ≤ t ≤ tb ≈ 9.
As seen in Figure 8, comparing the surface profiles at t
= 3, 6, and 9, higher frequency phenomena and distinguished
peaks form as the vortices rise. We also see that the vortices
behave as though they are deflected by a solid boundary once
they are close enough to the free surface; see Figure 8 (right
panel). This figure also shows that our method reproduces the
dynamics of a vortex pair in qualitative agreement with Ref. 7,
even though this is a rough comparison since the results in
Ref. 7 are for infinite depth. As seen in Figure 9, the amount
of energy shared between the surface and the vortices stays relatively constant up to about t = 4. But once the vortices come
into close proximity of the free surface, they begin pumping kinetic energy K(t) at a greater rate as seen in Figure 9
at t = 9 ≈ tb . In contrast, the potential energy P(t) remains
relatively constant even up to t = 9 ≈ tb .

FIG. 8. (PM case) Top panel: Surface response η(x, t) over two vortices.
Bottom panel: Motion of the two counter-propagating vortices for 0 ≤ t ≤ 9.
The light grey dots indicate where the vortices begin and the black dots indicate
their positions at t = 9. F = 0.2 and µ = 0.2 in both panels.

Γ1 = Γ2 = 1, Γ3 = Γ4 = −1.
We refer to this choice of vortex strengths as the “Plus/Plus,
Minus/Minus” (PPMM) case. We study this for both the
clustered (CPPMM) and equispaced (EPPMM) initial vortex
configurations.
As seen by comparing Figure 10, left and right panels, it is
still the case that the smaller µ value corresponds to a shorter
breaking time. Further, we see that the breaking time is almost

C. Four vortices: Plus/Plus, Minus/Minus (PPMM)

Using the same numerical scheme and parameters as from
above, we now look at the case of four vortices, chosen with
vortex strengths

FIG. 9. (PM case) Surface energy E(t), potential energy P(t), and kinetic
energy, K(t), profiles for a surface over two vortices for 0 ≤ t ≤ 9 for F = 0.2
and µ = 0.2.
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FIG. 10. (PPMM case) Upper panels:
Plots of the breaking times t b as a function of Froude number F for µ = 0.1 (- -)
and µ = 0.2 (–). Lower panels: Plots of
the breaking distances δb as a function
of Froude number F for µ = 0.1 (- -)
and µ = 0.2 (–). Left panels: Plots of the
breaking time and distance for four vortices starting in the CPPMM configuration. Right panels: Plots of the breaking
time and distance for four vortices starting in the EPPMM configuration. The
CPPMM case allows for longer breaking times but the EPPMM case allows
for closer approach of the vortices to the
surface.

double that in the CPPMM case compared to the EPPMM case,
so the difference in initial vortex placement has a significant
impact. This is even more striking when we look at the difference initial vortex configurations have on δb . In the EPPMM
case, δb is still clearly separated by µ value over the entire
range of F. In contrast to the PM case above though, δb now
exhibits small fluctuations around a mean value as F changes;
see Figure 10, lower right panel. In even further contrast to the
PM case above, in the CPPMM case, the uppermost vortices
rise to nearly equal heights for both µ = 0.1 and µ = 0.2
across a range of Froude numbers; see Figure 10, lower left
panel. We also note that δb is markedly larger in the CPPMM
case than in the EPPMM case, showing that the vortices do not
get close to the surface before breaking occurs in the CPPMM
case.
To better understand this added complexity stemming
from the presence of a greater number of vortices, we now

examine in detail the dynamics of the surface, vortices, and
energy in both the CPPMM and EPPMM cases for F = 0.2
and µ = 0.2 running each case up to the respective values
of t b . As seen in Figure 11, while the time scales are drastically shorter in the EPPMM case than the CPPMM case, the
nature of the surface profiles is not markedly different. Where
significant changes emerge is in the behavior of the vortex
paths as seen in Figure 12. In the CPPMM case (left panel),
the vortices undergo more circular motion, thus explaining
the longer onset of breaking in the CPPMM case. This is
also reflected in the rate at which energy enters the surface;
see Figure 13 (left panel). Also of interest is the observed
correlation between complexity of vortex dynamics and the
exchange of potential and kinetic energy; compare Figures
13 and 11 (left panels to right panels). As can be seen, the
added circular motion of the vortices in the CPPMM case
causes oscillations back and forth between P(t) and K(t).

FIG. 11. (PPMM case) Left panel: Surface response η(x, t) over four vortices in
the CPPMM configuration. Right panel:
Surface response η(x, t) over four vortices in the EPPMM configuration. F
= 0.2 and µ = 0.2 in both panels.

FIG. 12. (PPMM case) Left panel: Vortex paths for four vortices in the CPPMM
configuration. Right panel: Vortex paths
for four vortices in the EPPMM configuration. F = 0.2 and µ = 0.2 in
both panels, and simulations are run for
0 ≤ t ≤ tb .
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FIG. 13. (PPMM case) Left panel: Surface energy E(t), potential energy P(t), and kinetic energy, K(t), profiles in response to the motion of four vortices in the
CPPMM configuration. Right panel: Surface energy E(t), potential energy P(t), and kinetic energy, K(t), profiles in response to the motion of four vortices in
the EPPMM configuration. F = 0.2 and µ = 0.2 in both panels, and simulations are run for 0 ≤ t ≤ tb .

A possible explanation for the more complicated
responses of δb to F, again see Figure 10 (lower panels), is
that, as seen in Figure 12, while one pair of vortices ends up
higher than the other, the other pair still rises closer to the
surface. Thus, the added energy of this secondary pair complicates the ways in which the highest vortices approach the
surface, in part then explaining the far greater sensitivity of δb
to F. However, more work needs to be done to fully understand
this phenomenon.
D. Four vortices: Plus/Minus, Minus/Plus (PMMP)

We now examine the case of four vortices with vortex
strengths chosen such that
Γ1 = 1, Γ2 = −1, Γ3 = −1, Γ4 = 1.
We refer to this case as “Plus/Minus, Minus/Plus” or PMMP.
As seen by comparing the left and right panels of Figure 14,
the difference in initial vortex placement again has an impact
on the values of t b and δb . However, in this case the differences between the CPMMP case and the EPMMP case are far
less pronounced compared to the PPMM cases studied above.
There are also clear dependences of δb on µ and F in both
cases. In particular, as with the PM case above, for the larger
µ value, the vortices induce breaking further from the surface

with increasing F, reflecting the greater sensitivity to vortex
strength with increased µ. This also corresponds to a similar
relationship with the breaking times t b , which are longer when
the vortices induce wave breaking while still further below the
surface.
Again, choosing F = 0.2 and µ = 0.2, we can in part
explain the above features by examining the flow dynamics for
both the CPMMP and EPMMP cases. As seen in Figure 15, t b
is roughly the same, and in both cases, the surface response is
highly asymmetric, though the EPMMP case induces a higher
degree of asymmetry than the CPMMP case. What is perhaps
surprising is that such strong differences in the surface profile
can emerge given that the vortex paths are relatively similar;
see Figure 16. This certainly explains the strong similarities
seen in Figure 14. The strong surface differences then appear
to be due to the added sense of rotation seen in the EPMMP
vortex path. We also see in both cases that the right-most vortex
pair behaves as in inviscid wall-bounded flows.20 The energy
profiles seen in Figure 17 are very similar with E(t) essentially tracking K(t) in similar ways over similar time scales,
though there is some small oscillations between K(t), and thus
E(t), in the CPMMP case not seen in the EPMMP case. Given
the absence of circular motion of the vortices though, there
is not significant exchange between K(t) and P(t) in either
case.

FIG. 14. (PMMP case) Upper panels:
Plots of the breaking times t b as a function of Froude number F for µ = 0.1 (- -)
and µ = 0.2 (–). Lower panels: Plots of
the breaking distances δb as a function
of Froude number F for µ = 0.1 (- -)
and µ = 0.2 (–). Left panels: Plots of the
breaking time and distance for four vortices starting in the CPMMP configuration. Right panels: Plots of the breaking
time and distance for four vortices starting in the EPMMP configuration. δb is
smaller for the CPMMP case, and t b is
longer in the EPMMP case.
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FIG. 15. (PMMP case) Left panel: Surface response η(x, t) over four vortices in
the CPMMP configuration. Right panel:
Surface response η(x, t) over four vortices in the EPMMP configuration. F
= 0.2 and µ = 0.2 in both panels.

FIG. 16. (PMMP case) Left panel: Vortex paths for four vortices in the CPMMP
configuration. Right panel: Vortex paths
for four vortices in the EPMMP configuration. F = 0.2 and µ = 0.2 in both
panels, and simulations are run for 0
≤ t ≤ tb .

E. Four vortices: Plus/Minus, Plus/Minus (PMPM)

Finally, we now look at the case of four vortices, chosen
so that
Γ1 = 1, Γ2 = −1, Γ3 = 1, Γ4 = −1.
Again, in keeping with our convention, this is called the
“Plus/Minus, Plus/Minus” or PMPM case. Similar to the
strong differences seen above in the PPMM cases, the left
and right panels of Figure 18 show that differences in initial vortex placement have strong effects on t b and δb . The
CPMPM case breaks in half the time; compare Figure 18 (top
left panel) and (top right panel). Further, in the CPMPM case,
the vortices reach nearly identical heights for both µ = 0.1
and µ = 0.2 across a range of F values; see Figure 18 (bottom left panel). On this point, the EPMPM case is especially
striking. As seen in Figure 18 (bottom right panel), near F
= 0.15 there is a clear transition in how close the vortices get
for µ = 0.2, providing the first example of a clear binary classification of flows across a change in parameter value. However,
this transition is also troubling since it shows for F < .15 that

the µ = 0.2 case allows for a closer approach than the µ = 0.1
case.
Again, taking F = 0.2 and µ = 0.2, we look at particular
examples of the CPMPM and EPMPM flows to explain the
results in Figure 18 and build intuition through comparison
with the previous four vortex cases studied thus far. What is
most striking in this case, and what explains the significant difference in breaking times seen above, is the difference between
the vortex paths for the CPMPM and EPMPM case; see
Figures 19 and 20. The symmetric initial placement of vortices
causes the vortices to follow a more complicated and longer
path than seen in the CPMPM case; see Figure 20 (right panel).
Likewise, the motion of vortices to the edges of the domain
in the EPMPM case accounts for the strong amplitude at the
boundary domains seen in the surface profile; see Figure 19
(right panel). The plots of E(t) corroborate with this description; see Figure 21. The added complexity of the flow in the
EPMPM case again corresponds to larger oscillations in E(t)
which largely tracks K(t). The absence of circular motion in
either case though prevents much exchange between P(t) and
K(t).

FIG. 17. (PMMP case) Left panel: Surface energy E(t), potential energy P(t), and kinetic energy, K(t), profiles in response to the motion of four vortices in the
CPMMP configuration. Right panel: Surface energy E(t), potential energy P(t), and kinetic energy, K(t), profiles in response to the motion of four vortices in
the EPMMP configuration. F = 0.2 and µ = 0.2 in both panels, and simulations are run for 0 ≤ t ≤ tb .
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FIG. 18. (PMPM case) Upper panels:
Plots of the breaking times t b as a function of Froude number F for µ = 0.1 (- -)
and µ = 0.2 (–). Lower panels: Plots of
the breaking distances δb as a function
of Froude number F for µ = 0.1 (- -)
and µ = 0.2 (–). Left panels: Plots of the
breaking time and distance for four vortices starting in the CPMPM configuration. Right panels: Plots of the breaking
time and distance for four vortices starting in the EPMPM configuration. The
EPMPM case allows for critical behavior and clear separation in δb in terms of
µ.

FIG. 19. (PMPM case) Left panel: Surface response η(x, t) over four vortices in
the CPMPM configuration. Right panel:
Surface response η(x, t) over four vortices in the EPMPM configuration. F
= 0.2 and µ = 0.2 in both panels.

FIG. 20. (PMPM case) Left panel: Vortex paths for four vortices in the CPMPM
configuration. Right panel: Vortex paths
for four vortices in the EPMPM configuration. F = 0.2 and µ = 0.2 in both
panels, and simulations are run for 0
≤ t ≤ tb .

FIG. 21. (PMPM case) Left panel: Surface energy E(t), potential energy P(t), and kinetic energy, K(t), profiles in response to the motion of four vortices in the
CPMPM configuration. Right panel: Surface energy E(t), potential energy P(t), and kinetic energy, K(t), profiles in response to the motion of four vortices in
the EPMPM configuration. F = 0.2 and µ = 0.2 in both panels, and simulations are run for 0 ≤ t ≤ tb .
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V. CONCLUSIONS AND FUTURE WORK

In this paper, we have derived a nonlinear integrodifferential system of equations in terms of surface variables and vortex positions alone which allows for the ready
development of numerical simulations and asymptotic approximations. While being able to recreate results similar to
those known for two counter-propagating vortices over infinite depth, our approach allows for arbitrary, non-symmetric
vortex configurations to be simulated which also take into
account the influence of bottom boundaries of the fluid. The
presence of bottom boundaries was shown to strongly influence the dynamics. In particular, the vortices are able to rise
to the surface at a faster rate than in the deep-water case,
leading, for example, to breaking like phenomena on much
shorter time scales than previously reported for deep water
flows.
Further, since we allow for more complicated multi-vortex
motion, more complicated surface profiles and vortex paths
were observed. In particular, it was found that the arrangement of vortices of positive and negative strength has a major
effect on the dynamics. Likewise, ready classifications into
sub- or super-critical behavior do not seem appropriate for
these more complicated cases. Instead, the range of nonlinear
phenomena depends heavily on parameter choices and initial
vortex positions. This hints at the as yet unexplored intricacies of simulating the interactions between surface waves
and eddies in more complicated fluid environments. This is a
direction of future work which will build on the results in this
paper.
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APPENDIX A: DERIVATION OF BULK-POTENTIAL
EQUATION

To derive Equation (10), in order to have well-defined
integrands, we first use the auxiliary harmonic function

L

−L

M



1 X   2
2
2
2
ln x̃j,m + z̃j,−
+ ln x̃j,m
+ z̃j,+
.
4π m=−M

Our choice of auxiliary harmonic function ensures that
∂z ψM,j (x, 0, t) = 0, while avoiding the analytic issues of
whether the above sum converges as M → ∞. Taking D to
be the fluid domain and using Green’s third identity, we have
that
I


φ̃x (xj , zj , t) =
ψM,j ∂n̂ φ̃x − φ̃x ∂n̂ ψM,j ds,
∂D

where n̂ is an outward pointing unit normal vector along the
path ∂D . Note, if φ̃ is harmonic, then so are all of its partial
derivatives. Defining
gM (x, z, t) = ψM,j ∂n̂ φ̃x − φ̃x ∂n̂ ψM,j ,
we can then decompose the line integral such that


I
∂D

gM (x, z, t)ds =

L

−L

1/2

gM (x, η(x, t) + H, t)(1 + η x2 )


+

η(L,t)+H

gM (x, η(x, t) + H, t)(1 + η x2 )

(gM (L, z, t) + gM (−L, z, t)) dz.

0

We now look at letting M → ∞. As defined, ψM,j does
not have a well defined limit; however, its derivatives are well
defined in this limit, and as we show, it is well behaved along
boundaries. To see this, along z = η(x, t) + H, we have that



1/2
gM (1 + η x2 ) = ψM,j −η x φ̃xx + φ̃xz


− φ̃x −η x ∂x ψM,j + ∂z ψM,j
.

1/2


dx = −

L



−L

Using φ̃xx = −φ̃zz , we get the identity


∂x φ̃z (x, η + H, t) = −η x φ̃xx + φ̃xz .
Thus, by integration by parts and using the fact that φ̃(x, z, t)
and its derivatives are assumed to be periodic in x, we have
that

(1)
(2)
φ̃z ψM,j
+ φ̃x ψM,j


z=η+H

(δ)
dx + φ̃z (L, η + H, t)ψM,j
(η + H, t),

where
(1)
ψM,j
(x, t) = ∂x ψM,j + η x ∂z ψM,j

z=η+H

(2)
ψM,j
(x, t) = −η x ∂x ψM,j + ∂z ψM,j

z=η+H

(δ)
ψM,j
(z, t)

Likewise, we have that
 η(L,t)+H
0

dx

z=η+H
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ψM,j (x, z, t) = −

,
,

= ψM,j (L, z, t) − ψM,j (−L, z, t).


η(L,t)+H

(gM (L, z, t) + gM (−L, z, t)) dz =
0




(δ)
(δ,x)
φ̃xx (L, z, t)ψM,j
(z, t) +φ̃x (L, z, t)ψM,j
(z, t) dz,

where
(δ,x)
ψM,j
(z, t) = ∂x ψM,j (L, z, t) − ∂x ψM,j (−L, z, t).

032101-15

C. W. Curtis and H. Kalisch

Phys. Fluids 29, 032101 (2017)

One can readily show that
(δ)
ψM,j

2
2
(1 − x̃j − 2M)2 + z̃j,−
(1 − x̃j − 2M)2 + z̃j,+
1
*
*
+
*
+/+/ ,
.
.
/
.
=
ln
2
2
2
2
4π
(1 − x̃j + 2(M + 1)) + z̃j,− (1 − x̃j + 2(M + 1)) + z̃j,+
,,
-,
--

where x̃j = xj /L, and thus
(δ)
lim ψM,j
(z, t) = 0.

M→∞

Letting M → ∞, we then have



φ̃x (xj , zj , t) = −

L







φ̃z ∂x ψj + η x ∂z ψj + φ̃x −η x ∂x ψj + ∂z ψj

−L

z=η+H

dx,

where we define the functions ∂x ψj and ∂z ψj such that
∂x ψj (x, z, t) = lim ∂x ψM,j (x, z, t),
M→∞

∂z ψj (x, z, t) = lim ∂z ψM,j (x, z, t).
M→∞

APPENDIX B: POTENTIAL TERMS

The definition of the functions in Equations (13)–(16) are as follows:
φsz (x, t) = F

N
X

Γj ϕz (x − xj , 1 + µη; zj ),

j=1

φsx (x, t) = F

N
X

Γj ϕx (x − xj , 1 + µη; zj ),

j=1

sin(πx) sinh(πγz) sinh(πγzj )

,
ϕz (x, z; zj ) = 
2 cosh(πγ(z − zj )) − cos(πx) cosh(πγ(z + zj )) − cos(πx)


sin(πx) cosh(πγzj ) cosh(πγz) − cos(πx)

,
ϕ̃z (x, z; zj ) = 
2 cosh(πγ(z − zj )) − cos(πx) cosh(πγ(z + zj )) − cos(πx)


sinh(πγzj ) cosh(πγzj ) − cosh(πγz) cos(πx)

,
ϕx (x, z; zj ) = 
2 cosh(πγ(z − zj )) − cos(πx) cosh(πγ(z + zj )) − cos(πx)
ϕ̃x (x, z; zj ) =
1 M.

sinh(πγz)(cosh(πγz) − cosh(πγzj ) cos(πx))
.
2(cosh(πγ(z − zj )) − cos(πx))(cosh(πγ(z + zj )) − cos(πx))
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